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KF is a simple algorithm, but numerically costly, and not specific to
our equations.
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Ensemble Kalman filter

propagation assimilation
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i Vg1 Uq+l

EnKF is a robust algorithm with a naturel parallel implementation, but
computation is often made at a lower resolution, it is suffring from
samplin noise (localization, imperfect balances,..) it is not specific to
the equations of the flow.
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Parametric Kalman Filter

propagation assimilation
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What are the PKF equations for the analysis and the forecast steps
?
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Principle of Parametric Kalman Filter

PKF basic idea:

approximating covariances by anisotropic covariance model

(note that EnKF approximates covariances by ensemble estimation)

Parametric Kalman Filter

@ Consider a parametric covariance model,
© Write parameter dynamics along analysis and forecast cycles.

Example of interesting parameters:

the variance and the anisotropy
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PKF: diffusion based covariance model

The covariance model based on the diffusion equation
[Weaver and Courtier, 2001] (mainly) writes
P=3LL"®T, (1)

where X stands for the diagonal matrix of grid-points standard-deviation and
where )
L = e“z, with £(u) = V - (vVu), (2)

is the propagator of the diffusion equation d.u = £(u) from 7 =0to 1/2.
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PKF: diffusion based covariance model

The covariance model based on the diffusion equation
[Weaver and Courtier, 2001] (mainly) writes

P=3LL"®T, (1)

where X stands for the diagonal matrix of grid-points standard-deviation and
where )
L = e“z, with £(u) = V - (vVu), (2)

is the propagator of the diffusion equation d.u = £(u) from 7 =0to 1/2.
[Pannekoucke and Massart, 2008]relate the local diffusion tensor field to the
metric tensor g

1
Ux = ng_1 (3)

where gy features the correlation function anosotropy at x and is defined from

’
p(x, X+ %) = 1= S|x|[g, + O(|lx|]). (4)
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PKF: diffusion based covariance model

The covariance model based on the diffusion equation
[Weaver and Courtier, 2001] (mainly) writes

P=3LL"®T, (1)

where X stands for the diagonal matrix of grid-points standard-deviation and
where )
L = e“z, with £(u) = V - (vVu), (2)

is the propagator of the diffusion equation d.u = £(u) from 7 =0to 1/2.
[Pannekoucke and Massart, 2008]relate the local diffusion tensor field to the
metric tensor g

1

Ux = §.¢7x_1 (3)

where gy features the correlation function anosotropy at x and is defined from
1

p(X, X 4 6X) =1 — §H5X||2gx +O(/[5x] ). (4)

Variance and metric fields are the parameters of the covariance model based
on the diffusion equation.

Pannekoucke et al. Parametric Kalman Filter Adjoint Workshop, 2018 7121



Shape of local correlaton functions

1
p%, X+ 0%) =1 = S|x[[g, + O([ox|*), (5)

the metric gx features the shape of the local correlation function at x
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Mean flow and Anisotropy for few correlation functions [Jaumouillé et al., 2013]
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Analysis update of the parametric formulation

Require: Fields of v and V2, v° and location X; of the p observations to assimilate
1: forj=1:pdo
2: 0- Initialization of intermediate quantities
. b b b
3: VP =V VP = VR = v
4. pix)=exp —%nx—xmi,1>
i
5:
6: 1- Computation of analysis statistics
V!
. a _ yb 2 J
7 vi=p (1 - P2(x) wap)
) b/
V!
. a_ b 2 J
: = 1 — p?
8 Vx = Vx ( Pj (X)TVI +Vjo>
9;
10: 2- Update of the background statistics
. b
11 vievg
12: u)tz — vi
13: end for
4 Return fields v@ and V2

Algorithm 1: iterated process building analysis covariance matrix at the leading
order, under Gaussian shape assumption. [Pannekoucke et al., 2016]
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Parameter dynamics for linear advection/diffusion

The linear advection-diffusion dynamics writes
o+ U-Va = kVa, (10)

where u denotes the velocity and « the diffusion rate.
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Parameter dynamics for linear advection/diffusion

The linear advection-diffusion dynamics writes
o+ U-Va = kVa, (10)

where u denotes the velocity and « the diffusion rate.
The time evolution of the variance and the diffusion tensor is given at
the leading order by [Pannekoucke et al., 2016]

o' +uvv = v (Vu)T + (Vu)r' + 2k, »
AV +uvV = VT [ k] (1)
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Parameter dynamics for linear advection/diffusion

The linear advection-diffusion dynamics writes
o+ U-Va = kVa, (10)

where u denotes the velocity and « the diffusion rate.
The time evolution of the variance and the diffusion tensor is given at
the leading order by [Pannekoucke et al., 2016]

o' + uvv =v(Vu)T + (Vu)r' + 2k, »
AV +uvV = VT [ k] (1)

There is a coupling between the error variance and local diffusion
tensor fields due to the diffusion process.
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Analysis/forecast cycles, passive tracer: EnKF vs. PKF (dt=0.25)
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Advection-diffusion of a passive tracer
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Analysis/forecast cycles, passive tracer: EnKF vs. PKF (dt=0.25)
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Regular network (left side) and simulated flight tracks (right side).
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Analysis/forecast cycles, passive tracer: EnKF vs. PKF (dt=0.25)

Analysis field
EnKF analysis state, 1=0.0
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Analysis/forecast cycles, passive tracer: EnKF vs. PKF (dt=0.25)

Variance field

EnKF analysis error variance, 1=0.0 PKF analysis error variance, 1=0.0
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Analysis/forecast cycles, passive tracer: EnKF vs. PKF (dt=0.25)

Diffusion tensor field

EnKF Analysis error diffusion tensor, t=3.! PKF Analysis error diffusion tensor, t=3.0
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Diffusive non-linear Burgers dynamics

Burgers equation writes

Ot + udyu = Kd2u. (12)

0.0 02 0.4 06 0.8 1.0
x/D
Solution starting from a cosine-like function.

Pannekoucke et al. Parametric Kalman Filter Adjoint Workshop, 2018 17/21



Fluctuation-mean flow dynamics

(b) Noise magnitude: 10% of Upax
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Fluctuation-mean flow dynamics

(a) Noise magnitude: 1% of Upax (b) Noise magnitude: 10% of Upax
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With u = U + ¢, = = E[] being the expectation operator, the fluctuation-mean
flow dynamics for small perturbations writes :
Oyl + U0xU = KO%U — €0xe, (13)
Ot + UOxe = —0xU + /@8,2@.
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PKF forecast dynamics for diffusive Burgers

The dynamics of the parameters writes [Pannekoucke et al., 2018]

{

(@) 8+ UdxD
(b) &V + oV
(€) B + idyv

KO20 — FoxV,
—2(0x D)V + w2V — & (V)2 — £V,

2(Ox D)y + 2k — 2502V v + 2ﬁ(aXV)2u + Ry oxVoyw + k02 — 2r 1 (8yv)2.

Pannekoucke et al.

Parametric Kalman Filter

Adjoint Workshop, 2018

19/21



PKF forecast dynamics for diffusive Burgers

The dynamics of the parameters writes [Pannekoucke et al., 2018]

(a) ol+0ox0 = k20— foxV,
(b) OV +TOV = —200D)V+rdIV - EL(0V)? - &
(¢) O +0dxv = 2(0xT)v + 2k —2%3)2(Vu+2ﬁ(8xv)2u+Klvaxva)(l/-f—nafu —2nl(oy0)?

Mean flow at time T (ensemble vs. parametric)
(a) Noise i 1% of Upax (b) Noise i 10% of Umax

— Ensemble o forecasts.
=== Parametric model
Reference state
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(c) Noise i 20% of Upmax (d) Noise i 50% of Umax
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PKF forecast dynamics for diffusive Burgers

The dynamics of the parameters writes [Pannekoucke et al., 2018]

(a) ol+0ox0 = k20— foxV,
(b) OV +TOV = —200D)V+rdIV - EL(0V)? - &
(¢) O+ udxry = 2(3X0)u+2n—2%a§vu+zﬁ(axw2u+Klvaxvaxu+na§u—2ng(axu)2.

Variance evolution (ensemble vs. parametric)
(a) Noise i 1% of Upax (b) Noise i 10% of Umax

10{ — Ensemble of forecasts 10
=== Parametric model

2
Vilve

(c) Noise i 20% of Upmax (d) Noise i 50% of Umax

Vilv°
2%
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PKF forecast dynamics for diffusive Burgers

The dynamics of the parameters writes [Pannekoucke et al., 2018]

(a) ol+0ox0 = k20— foxV,
(b) OV +TOV = —200D)V+rdIV - EL(0V)? - &
(¢) O +0dxv = 2(0xT)v + 2k —2%3)2(Vu+2ﬁ(8xv)2u+Klvaxva)(l/-f—nafu —2nl(oy0)?

Length-scale (L = v/2v) (evolution ensemble vs. parametric)
(a) Noise i 1% of Umax (b) Noise i 10% of Umax

— Ensembie of forecasts
=~ Parametric model

0o 02 0a 06 08 1o 00 02 04 05 08 To

(c) Noise i 20% of Umax (d) Noise i 50% of Umax

nnekoucke et al. rametric Kalman Filter Adjoint Workshop, 2018

19/21



Table of contents

e Conclusions

Pannekoucke et al. Parametric Kalman Filter Adjoint Workshop, 2018 20/21



Conclusion

The Parametric Kalman Filter relies on covariance model to reproduce
the uncertainty dynamics all along analysis/forecast cycles:

@ no ensemble = no sampling noise & no localization

@ low numerical cost,

@ relies on a given covariance model,

@ needs to describe parameters update during the analysis step,
@ needs to develop dynamical equations for parameters,

°

provides a new tool for understanding covariance dynamics for
partial differential dynamics along analysis/forecast cycles

Further directions:
@ applications for chemical transport model,
@ extension for ocean/atmosphere dynamics.
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